
Uni�
ation-based grammars and
omplexity 
lassesAnders SøgaardCenter for Language Te
hnologyNjalsgade 80DK-2300 Copenhagenanders�
st.dk0.1 The lands
apeThe 
omplexity 
lasses:P v NP v PSPACE v EXPTIMEP 6= EXPTIMEThe lands
ape:Author(s) Formalism Result Comments[KR86℄ NP-
omplete Same as [BS93℄.[BBR87℄ AG NP-
omplete[Joh88℄ LFG NP-
omplete Off-line parsable.[Joh91℄ LFG NP-
omplete Not stand-alone.[BS93℄ NP-
omplete All features deterministi
,and no global quanti�
ation.[Tra95℄ HPSG/LFG NP-
omplete Various restri
tions.[Tra95℄ CUG NP-
omplete[BS93℄ EXPTIME No path equations.[Joh88℄ LFG UNDEC Proof-theoreti
 perspe
tive.[BS93℄ UNDEC[KM03℄ HPSG UNDEC Indire
t result.Question: Why does the lands
ape look this way? Why 
are? Gains: Asurvey (for 
omplexity and non-in
lusion), some 
riti
al points, and someguidelines. 1



0.2 The problemDe�nition 0.1 (Grammar extensions). The extension of a grammar G isdenoted by L(G). Consider the de�nition of L(G)p and L(G)m.L(G)p = fx 2 V�j9M 2M start0 vM ^M ) xgL(G)m = fx 2 V�j9M 2MM;w j= (Axioms ^ x0)gImportant differen
es in methods. Uni�
ation-based grammars were
on
eived of as model-theoreti
, and logi
al methods are used to obtainmetaresults. Examples in
lude [KR86, Joh91, BS93, KM03℄. Complexitiesrange from NP-
omplete to (highly) unde
idable. The obvious reason isthat the model-theoreti
 paradigm en
odes parsing as a sear
h problem.The universal re
ognition problem is:INSTANCE: Some logi
 Lwith axioms A, and a string !.QUESTION: 9M:M j=L A ^ !0?
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0.3 Using logi
 264FUNCThNUM 1iARGhNUM 1i 375j= hFUNCT;NUM \ ARG;NUMi>or hFUNCT;NUMii ^ hARG;NUMiior9x; y; z; v:RFUNCT(x; y) ^RNUM(y; z) ^RARG(x; v) ^ RNUM(v; z)or, if bounded ^p2PROPhFUNCT;NUMip! hARG;NUMip
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0.4 Complexity of logi
sMultimodalK:D
 NP-
omplete AGK:D
2 NP-
omplete (HPSG [BS93℄)MultimodalK PSPACE-
omplete ?K2 EXPTIME-
omplete ?PDL EXPTIME-
omplete CFG,HPSG [Kra95℄PDL�1 EXPTIME-
omplete CFGIPDL (D
) UNDEC UCG,AVGH(8) UNDEC AVGFirst order logi
 UNDEC AVGIPDL� UNDEC HPSG [LS06℄H(8)� UNDEC HPSG [Rea94℄For a survey of fragments of �rst order logi
, see [Søg06℄.
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0.5 Why all this?Gains:� formalization,� expressivity, and� veri�
ation.In addition, the expressive gains that are asso
iated with a move upfrom one 
omplexity 
lass to another are wellstudied, for instan
e:De�nition 0.2 (Determinism). Determinism is ensured by axiom D
:D
 3�! 2�In the 
ontext of multimodal logi
, determinism leads to a small modeltheorem: IfM j= � then 9M 0:jM 0j � j�j+ 1 andM 0 j= �. The effe
t is onlypositive if we have the tree model property, however.De�nition 0.3 (Tree model property). IfM j= �, then 9M 0:M 0 j= � andM 0is a (undire
ted) tree.The loss of the tree model property is asso
iated with the move tounde
idability in the 
ontext of deterministi
 relations (non-deterministi
IPDL is de
idable), unless the logi
 is restri
ted somehow (simple H isPSPACE-
omplete). To be 
ontinued . . .
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De�nition 0.4 (Compa
tness). IfM satis�es every subformula of �, it alsosatis�es �.The loss of 
ompa
tness is indire
tly related to PDL's move to EXP-TIME. In the deterministi
 
ase, the polysize model property is lost due tonon-deterministi
 operators.De�nition 0.5 (Generated submodels). If M j= � then if M 0 is the gener-ated submodel in w 2 W M , thenM 0 j= �.This a

ounts for the differen
e in 
omplexity betweenK andK2.
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0.6 Polysize model property (NP)De�nition 0.6 (Polysizemodel property). IfM j= �, then 9M 0:M 0 j= � andjM 0j � j�kj.Theorem 0.7. If a logi
 has the polysize model property and tra
table model
he
king, satis�ability is in NP.Example 0.8. The theorem applies to AG, CUG and off-line parsable LFG,for instan
e.Theorem 0.9. If a logi
 has the polysize model property and PSPACE model
he
king, satis�ability is in PSPACE.Example 0.10. The theorem applies to HPSG de�ned on polynomial mod-els [LS06℄.Gain: Sin
e the proofs only rely on model size and the 
omplexity ofveri�
ation, 
ertain things 
ome for free, for instan
e the disso
iation ofdominan
e and linear pre
eden
e.
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0.7 Alternating Turing ma
hines (PSPACE)An ATM is a Turing Ma
hine in whi
h the state set is partitioned into exis-tential and universal states. Transitions from existential states 
orrespondto non-deterministi
 
hoi
e. Hen
e, the ATM a

epts an input word froman existential state iff there is a su

essor 
on�guration from whi
h it a
-
epts. Universal 
hoi
e dualises this, and the ATM a

epts an input froma universal 
on�guration iff all possible su

essor 
on�gurations a

ept.Theorem 0.11. If something is solvable in alternating polynomial time, thenthere is also a deterministi
 PSPACE algorithm for it.
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0.8 Finite model property (DEC)De�nition 0.12 (Finite model property). IfM j= �, then 9M 0:M 0 j= � andM 0 is �nite.If a logi
 has the �nite model property and an axiom system, it is pos-sible to 
onstru
t a Turing ma
hine that uses the axioms to enumerate thevalidities of the logi
. Se
ond, 
onstru
t a Turing ma
hine that re
ursivelyenumerates all the �nite models. The two ma
hines 
an effe
tively testthe validity of any formula �: If � is valid it will eventually be generatedby the �rst ma
hine; if it is not, it is falsi�ed by a model generated by these
ond ma
hine.De�nition 0.13 (Strong �nite model property). IfM j= �, then 9M 0:M 0 j= �and an upper bound on jM 0j is 
omputable by f .The Turing ma
hine now takes � as input. It simply generates all themodels smaller than f(j�j) and tests � on ea
h of them.
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0.9 Ambiguity redu
tion (P)The tra
table uni�
ation-based fragments known in the literature eitherredu
e trivially to 
ontext-free grammar (or sometimes mildly 
ontext-sensitive formalisms), or they restri
t ambiguity in one way or another.Two examples:Example 0.14. The PTIME result in [SNKK93℄ is obtained under a proof-theoreti
 perspe
tive too by synta
ti
 restri
tions on the produ
tions ofLFG. The produ
tions are �rst restri
ted to be either of the form (" attr) =val (an immediate value s
hema) or (" attr) =# (a stru
ture synthesizings
hema). Ea
h pair of rules r1 : A ! �1 and r2 : A ! �2 whose left-handsides are the same, is said to be in
onsistent in the sense that there existsno f-stru
ture that lo
ally satis�es both of the fun
tional s
hemata of r1and r2.Example 0.15. It is also possible to single out a tra
table fragment of HPSGby ensuring that� re
ursive feature geometry is polynomially bound in the length ofthe string, and� ambiguity is bound by some 
onstant, i.e at some point in the deriva-tion, signs begin to 
ombine unambiguously.
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0.10 Guidelines� Lower bound proofs highlight (possibly unne
essary) 
omplexities.� Complexity in
reases are often asso
iated with spe
i�
 properties.� Restri
ting model size is an ef�
ient and linguisti
ally sound way ofredu
ing 
omplexity.� Ambiguity redu
tion seems ne
essary to obtain tra
tability.� Non-in
lusion: HPSG 6� [BS93℄ 6� CUG, for instan
e.� Combining the insights of lower bound proofs and invarian
e resultswith non-in
lusion results, it is relatively easy to provide partial (op-timal) translations from one grammar formalism to another.
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