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3 NP-hardness proofs

Most NP-hardness proofs of recognition problems relate to reentrancy,
unordering or synchronism. The canonical proofs go by, respectively,
3-SAT [BBR87], vertex cover [Bar85] and 3-SAT [SP05].

Minimal instances:
◮ s-AVG (see below; CFG with partial functions from attributes to values

instead of nonterminals)
◮ UCFG (φ1Aφ2 =⇒U φ1ωφ2 iff A → ω′ and ω′ ∈ permute(ω))
◮ SCFG (e.g. A → 〈B1C2, C2B1〉)

I will present proof sketches and identify more or less reasonable
polynomial fragments. Some already known; others obtained by
translation into RCG or, orthogonally, by k-ambiguity constraints
(relative to an inheritance hierarchy).
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Simple attribute-value grammars

s-AVGs are defined over simple attribute-value structures (s-AVSs):

Definition (s-AVS)

An s-AVS A is defined over a finite signature 〈Attr, Atms, ρ〉 as a partial function
from Attr to Atms, where ρ : Attr → 2Atms, and ∀a ∈ DOM(A).A(a) ∈ ρ(a).

Definition (s-AVG)

A s-AVG is a 5-tuple G = 〈〈Attr, Atms, ρ〉, AgrAttr, T, P, S〉 (all sets finite), where
AgrAttr ⊆ Attr, ρ : Attr → 2Atms, S is an s-AVS, and every production rule in P

is of the form A → ωi or A0 → A1 . . . An where n ≥ 1, Ai is an s-AVS, and

∀a ∈ DOM(A0) ∩ AgrAttr.∀1 ≤ i ≤ n.f ∈ DOM(Ai) ∧ Ai(a) = A0(a)

where A(a) is the value of a in the s-AVS A with A(a) ∈ ρ(a).
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Theorem
s-AVG context-free recognition is NP-complete.

Proof.
Lower bound by reduction of 3SAT, connectives removed. Introduce an agreement attribute pi

for each propositional variable in the 3SAT instance such that ρ(pi) = {0, 1}.
Attr = {p1, . . . , pn, stage, literal}, AgrAttr = {p1, . . . , pn}. ρ(stage)= {1, . . . , n + 3},
literal Boolean. The first n stages assign truth values by productions
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From stage n + 1 to n + 2 tree structure is build for the (3-literal) clauses. literal +
translates truth value 1. Say A0 is the s-AVS with stage value n + 3 and literal -, and A1

the same except literal +. Now cover all (7) combinations except all false. Finally add
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Percolation of agreement values will ensure that pi values are consistent, i.e. that 3SAT
assignment is consistent. The upper bound is easily proven.
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Example

For p1 ∨ p2 ∨ p̄2:
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Theorem

Unordered context-free recognition is NP-complete.

Proof (1/4).

The decision problem

INSTANCE: A graph G and a positive integer k.
QUESTION: Is there a vertex cover of size k or less for G?

is NP-complete [GJ79]. . . .
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Proof (2/4).

Example (Example (1/2))

a b

c d
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Proof (2/4).

Example (Example (1/2))

a b

c d
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Proof (3/4).

Example (Example (2/2))

Say k = 2, V = {a, b, c, d}, E = {(a, c), (b, c), (b, d), (c, d)}. One way to obtain a
vertex cover is to go through the edges and underline one endpoint of each edge.
If you can do that and only underline two vertex symbols, a vertex cover has been
found. Since |V | = 4, this is equivalent to leaving two vertex symbols untouched.
Consequently, the vertex cover problem for this specific instance is encoded by the
totally unordered type 2 grammar, where δ is a bookkeeping dummy symbol:

S → ρ1ρ2ρ3ρ4uuδδδδ ρ1 → a|c
ρ2 → b|c ρ3 → b|d
ρ4 → c|d δ → a|b|c|d

u → aaaa|bbbb|cccc|dddd

ρi captures the ith edge in E. The input string ω = aaaabbbbccccdddd. One
derivation tree in our example will have the form:

[[aaaa]U [bbbb]U [c](b,c)[c](a,c)[c](c,d)[c]δ[d](b,d)[d]δ[d]δ[d]δ]S
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Proof (4/4).

Generally, the first production has as many ρi as there are edges in the
graph, |V | − k many U ’s and |E| × |V | − |E| − |E| × (|V | − k) many δ’s,
i.e. the length of the string minus the number of edges and the extension
of |V | − k many U ’s. The ρi productions are simple, U extends into |E|
many a’s or b’s or so on, and δ extends into all possible vertices. Since the
grammar and input string can be constructed in polynomial time from an
underlying vertex cover problem 〈k, V,E〉, universal recognition of UCFG
must be at least as hard as solving the vertex cover problem. Since the
vertex cover problem is NP-complete, the universal recognition problem for
totally unordered type 2 grammars is accordingly NP-hard. It is easy to see
that recognition is also in NP. Simply guess a derivation and evaluate it in
polynomial time.
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Theorem

Synchronous context-free recognition is NP-complete.

Proof is omitted, for brevity. The lower bound proof goes by reduction of
3SAT. The idea is to recognize only string pairs 〈w1 . . . wn, wc〉 where wc

is a string representation of the clauses in the 3SAT input, and wi with
1 ≤ i ≤ n represents the truth assignment of the variable vi in this input.
The important thing to note is that it relies on productions of the form
S → 〈A1 . . . Al, B1 . . . Bl〉 where l is unbounded and polynomial in n. The
upper bound is easily proven.
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Some polynomial fragments are easily identified:

k-bound s-AVG recognition,

k-bound UCFG recognition, and

k-bound SCFG recognition.

The problem is weak generative capacity. The three linguistic theories
identified (and their k-fragments too) generate only context-free
languages. In context-sensitive extensions, simple k-bounds will not do.
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Reentrancy

Of course the NP-hardness proof for unbounded agreement
context-free recognition applies to standard attribute-value grammar
(AVG) too. The ability to store information and let it percolate by
reentrancy buys us context-sensitivity.

Context-sensitive fragments with polynomial procedures: [KW95].
Others have identified fragments weakly equivalent to TAG [SNKK93]
and [FW06], but translations – at least in [FW06] – are exponential.
Complexity vs. generative capacity.
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Unordering

The NP-hardness proof for unordered context-free recognition applies
to ID/LP grammar, FO-TAG, MCTAG, linearization-based HPSG and
so on too. The simple k-bound only works in the context-free case,
but there are other restrictions.

Context-sensitive fragments with polynomial procedures:
[Kal05, SLM07]. Complexity vs. generative capacity: For instance,
tree-local MCTAG is weakly equivalent to TAG, but NP-hard.
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Synchronism

It is known that recognition for binary SCFG is in O(n6).
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2 techniques: RCG and k-ambiguity

Two techniques investigated for non-synchronous grammars:
polynomial translation into RCG and k-ambiguity. RCG provides a
standard hierarchy, but unordering is indirect; k-ambiguity enables
total unordering, but the hierarchy cross-cuts the Chomsky hierarchy.

RCG technique is extended for synchronism.

Motivation: (1) No fragments for both reentrancy, unordering and
synchronism. (2) Little systematicity.
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Range concatenation grammar (RCG)

Definition

An RCG G = 〈N,T, V, P, S〉 is a 5-tuple with . . . and V a finite set of
variable symbols, and P a finite set of productions of the form:

A0(α1, . . . , αρ(A0)) → A1(β1, . . . , βρ(A1)), . . . An(γ1, . . . , γρ(An))

with . . . and αi, βi, γi ∈ (V ∪ T )∗.

and

L(G) = {ω | S(ω)
∗

=⇒ ǫ}

Theorem ([Bou04])

A RCG produces a shared parse forest in time O(nk × |G|) where k is the

bound on arguments in a production rule.
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From s-AVG to RCG

Definition (Translation)

A translation τ is defined from s-AVG G = 〈〈Attr, Atms, ρ〉, AgrAttr, VT , P, SA〉, with

Attr = AgrAttr ∪ {cat} and SA = (cat, S), into R = 〈VN , VT , Vars, P ′, SN 〉. For each

production in P of the form

A0 → A1 . . . An

we introduce a production in P ′:

A′

0(X1 . . . Xn) → A′

1(X1), . . . , A
′

n(Xn),
{f(X1 . . . Xn) | f ∈ AgrAttr and f ∈ DOM(A0)}

where X ∈ Var, Aj(cat) = A′

j . ∀ν ∈ ρ(αi), we then introduce productions

αi(X) → αν
i (X)

αν
i (ωX) → αν

i (X)
αν

i (ǫ) → ǫ
for each production in P

A → ω

where A(αi) = ν.

Note that the number of productions in P ′ is bound by
|P | + 2|AgrAttr| × |Atms| + |P | × |AgrAttr| × |Atms|. Complexity for
2-s-AVG in RCG: O(n3+|AgrAttr|).
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MIX in RCG

S(X) → M(X,X,X)
M(aX, bY, cZ) → M(X,Y,Z)

M(TX, Y,Z) → len(1, T ) ¯a(T )M(X,Y,Z)

M(X,TY,Z) → len(1, T ) ¯b(T )M(X,Y,Z)

M(X,Y, TZ) → len(1, T ) ¯c(T )M(X,Y,Z)
M(ǫ, ǫ, ǫ) → ǫ

a(a) → ǫ

b(b) → ǫ

c(c) → ǫ

It is easy to see that RCG provides total unordering up to k. If k is
unbounded, RCG turns NP-hard. Complexity: linear, but O(n9) for the
class.
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From SCFG to RCG

A similar translation exists for SCFGs. Complexity for 2-SCFG: O(n6).

Example

S → 〈NP1 PP2 VP3,NP1 VP3PP2〉
NP → 〈Baoweier,Powell〉
PP → 〈yu Shalong,with Sharon〉
VP → 〈juxing le huitan,held a meeting〉
VP → 〈juxing le huitan, met〉

translates into

S(C1C2C3, E1E3E2) → NP(C1, E1)PP(C2, E2)VP(C3, E3)
NP(Baoweier,Powell) → ǫ

PP(yu Shalong,with Sharon) → ǫ

VP(juxing le huitan,held a meeting) → ǫ

VP(juxing le huitan,met) → ǫ
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RCG provides a systematic method to map out the complexity of
reentrancy, unordering and synchronism.

RCG is modular with respect to intersection.
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k-ambiguity

Say =⇒1 denotes ordinary type 2 (context-free) derivability, then =⇒2 is
totally unordered type 2 derivability iff:

Definition (Derivability)

If A
∗

=⇒1 ω and ω′ ∈ permute(ω), then A
∗

=⇒2 ω′.

Polynomial fragment of totally unordered s-AVG (AVG)?

The NP-hardness proofs rely on reentrancy/unordering and ambiguity,
so why not restrict ambiguity instead?
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Definition (ω-grammar)

Say you have a type 2 grammar in Chomsky normal form G = 〈N,T, P, S〉
and some string ω1 . . . ωn. Construct Gω = 〈Nω, Tω, Pω , {1Sn}〉 such that

Tω = {ω1, . . . , ωn}

and, recursively

(a) (ωi ∈ Tω and A → ωi ∈ P ) ⇒ (iAi ∈ Nω and iAi → ωi ∈ Pω)

(b) (iBj ,j+1 Ck ∈ Nω and A → BC) ⇒ (iAk ∈ Nω ∧ iAk → iBjj+1Ck ∈
Pω)

Lemma

Say G is a type 2 grammar in Chomsky normal and ω ∈ T ∗. It now holds

that |CG,ω| ≤ ((|N | × n2+n
2 − |N | × n)× (n− 1)× |N |2) + (|N | × n) + n.
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Definition (ω-grammar)

Say you have a totally unordered type 2 grammar in Chomsky normal form
G = 〈N,T, P, S〉 and some string ω1 . . . ωn. Construct
Gω = 〈Nω, Tω, Pω, S〉 such that

Tω = {ω1, . . . , ωn}

and, recursively

(a) (ωi ∈ Tω and A → ωi ∈ P ) ⇒ (A{i} ∈ Nω and A{i} → ωi ∈ Pω)

(b) (BΣ, CΣ′ ∈ Nω and Σ ∩ Σ′ = ∅ and A → BC) ⇒ (AΣ∪Σ′ ∈
Nω ∧ AΣ∪Σ′ → BΣCΣ′ ∈ Pω)

Lemma (Chart size, upper bound)

Say G is a totally unordered type 2 grammar in Chomsky normal and

ω ∈ T ∗. It now holds that

|CG,ω| ≤ ((|N | × 2n − |N | × n)2 × (n − 1)2 × |N |2) + (n × |N |) + n.
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Definition

A grammar is said to be k-ambiguous iff all signs are combined
unambiguously after k steps.

Lemma

Recognition for rigid and k-ambiguous totally unordered s-AVG in P.

Proof.

Since composition is totally unordered, you check n × n − 1 combinations
in the first step. k many times, you have to check n × n − i combinations
for each solution you obtained. It is easy to see, however, that the total

number of steps is smaller than
i<n
∑

1≤i

(nk(n − i)).
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Since s-AVSs are of fixed size, and since unification is linear:

Theorem

Totally unordered k-ambiguous s-AVG recognition is in P.

The same holds for totally unordered k-ambiguous AVGs if AVSs are at
most polynomial in n, even relative to an inheritance hierarchy.

Theorem

k-ambiguous grammars are non-superfinite.
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